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1. Introduction
In the early 1990s, Hirota and Ohta [1] introduced a procedure for generalizing
equations from the KP hierarchy to produce coupled systems of equations with solu-
tions in the form of pfaffians. This procedure, which is now called pfaffianization,
starts with a known soliton equation with determinant solutions, then replace the
determinants with pfaffians whose entries satisfy the pfaffianized form of the disper-
sion relation given in the determinant solutions, and finally construct a new coupled
system whose solutions are these pfaffians. This procedure has been successfully
applied to the Davey–Stewartson equations [2], the self-dual Yang–Mills equation
[3], continuous three-dimensional three wave equation [4] and the differential-dif-
ference KP equation [5], the two-dimesional Toda lattice [6], etc. The method of
pfaffianization also has been extended to the fully discrete equations [7].
The main aim of this paper is to apply this pfaffianization procedure to discrete
three-dimensional three wave interaction equation. In Section 2, we introduce some
properties of pfaffians. In Section 3, solution to the discrete three-dimensional three
wave interaction equation equations is expressed by the discrete Gram-type determi-
nants. In Section 4, a pfaffian version of the discrete three-dimensional three wave
interaction equation is derived. In Section 5, we express the solution to the pfaf-
fianized discrete three-dimensional three wave interaction equation in the form of
Gram-type pfaffians. Finally, a conclusion is given in Section 6.
2. Properties of pfaffian
In this section, we shall review some necessary properties of pfaffian.
2.1. Definition
A pfaffian [8] is known through a determinant. Let A be a determinant of a 2n ×
2n antisymmetric matrix defined by
A = det |ajk| (1  j, k  2n), (1)
where each entry ajk has an antisymmetric property ajk = −akj for j, k = 1, 2, . . . ,
2n, then A gives a square of a pfaffian. This pfaffian has a degree 2n and is notated
as
(1, 2, . . . , 2n).
For example, if n = 1,
det
∣∣∣∣ 0 a12−a12 0
∣∣∣∣ = (a12)2 = (1, 2)2,
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and if n = 2,
det
∣∣∣∣∣∣∣∣
0 a12 a13 a14
−a12 0 a23 a24
−a13 −a23 0 a34
−a14 −a24 −a34 0
∣∣∣∣∣∣∣∣
= (a12a34 − a13a24 + a14a23)2
≡ (1, 2, 3, 4)2.
Therefore, a pfaffian of 4th degree given by (1, 2, 3, 4) is expanded as
(1, 2, 3, 4) = (1, 2)(3, 4) − (1, 3)(2, 4) + (1, 4)(2, 3),
(j, k) = ajk (j > k).
It should be noted that we have
(k, j) = −(j, k)
from the antisymmetric property akj = −ajk . We call (j, k) the entry of the pfaffian.
In general, a pfaffian (1, 2, . . . , 2n) can be expanded as follows:
(1, 2, . . . , 2n) = (1, 2)(3, 4, . . . , 2n) − (1, 3)(2, 4, 5, . . . , 2n)
+ (1, 4)(2, 3, 5, . . . , 2n) − · · · + (1, 2n)(2, 3, . . . , 2n − 1)
=
2n∑
j=2
(−1)j (1, j)(2, 3, . . . , jˆ , . . . , 2n), (2)
where jˆ represents elimination of j .
Repeating the above expansion, we arrive at the summation of products of entries
of the pfaffian which is given as [8]:
(1, 2, . . . , 2n) =
∑
P
′
(−1)P (i1, i2)(i3, i4)(i5, i6) · · · (i2n−1, i2n). (3)
In the above equation,
∑′ stands for a summation over all possible combinations of
n pairs selected from {1, 2, . . . , 2n}. We impose the following condition with respect
to combinations of pairs:
i1 < i2, i3 < i4, i5 < i6, . . . , i2n−1 < i2n,
i1 < i3 < i5 < · · · < i2n−1. (4)
(−1)P takes values + or − depending on whether the sequence {i1, i2, . . . , i2n} is
an even or odd permutation of {1, 2, . . . , 2n}.
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2.2. Pfaffian identities
From the definition of pfaffian, we know that its properties are closely related to
those of determinants. One of these properties is that pfaffian satisfies various kinds
of pfaffian identities. The most fundamental expansion formula for 2mth degree pfaf-
fian (1, 2, 3, . . . , 2m) is:
(1, 2, 3, . . . , 2m) =
2m∑
j=2
(−1)j (1, j)(2, 3, . . . , jˆ , . . . , 2m). (5)
Based on this expansion formula, two extended formula are obtained [8]:
(a1, a2, . . . , a2m, 1, 2, . . . , 2n)(1, 2, . . . , 2n)
=
2m∑
j=2
(−1)j (a1, aj , 1, 2, . . . , 2n)
× (a2, a3, . . . , aˆj , . . . , a2m, 1, 2, . . . , 2n) (6)
and
(a1, a2, . . . , am, 1, 2, . . . , 2n − 1)(1, 2, . . . , 2n)
=
m∑
j=1
(−1)j−1(aj , 1, 2, . . . , 2n − 1)
× (a1, a2, a3, . . . , aˆj , . . . , am, 1, 2, . . . , 2n). (7)
For example, in the case m = 2, formulas (6) and (7) are respectively rewritten as
(a1, a2, a3, a4, 1, 2, . . . , 2n)(1, 2, . . . , 2n)
= (a1, a2, 1, 2, . . . , 2n)(a3, a4, 1, 2, . . . , 2n)
− (a1, a3, 1, 2, . . . , 2n)(a2, a4, 1, 2, . . . , 2n)
+ (a1, a4, 1, 2, . . . , 2n)(a2, a3, 1, 2, . . . , 2n) (8)
and
(a1, a2, a3, 1, 2, . . . , 2n − 1)(1, 2, . . . , 2n)
= (a1, 1, 2, . . . , 2n − 1)(a2, a3, 1, 2, . . . , 2n)
− (a2, 1, 2, . . . , 2n − 1)(a1, a3, 1, 2, . . . , 2n)
+ (a3, 1, 2, . . . , 2n − 1)(a1, a3, 1, 2, . . . , 2n). (9)
These two pfaffian identities play an important role in the pfaffianization procedure.
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3. Discrete Gram-type determinant solutions to the discrete
three-dimensional three wave interaction equation
In [9], the Gram-type determinant solution for the continuous three-dimensional
three wave equation is investigated. It is natural for us to think if the solution to
the discrete three-dimensional three wave interaction equation can be written in dis-
crete Gram-type determinants which are the discrete counterpart of the Gram-type
determinants. In this section, we first review the Casorati determinant solution for
the discrete three-dimensional three wave interaction equation, and then present the
discrete Gram-type determinant solution for this system of equations.
A discrete version of the three-dimensional three wave interaction equation reads
[10,11]
Qj(ki + ai)Ql(ki) + 1
ai
(Pi(ki + ai) − Pi(ki)) = 0, (10)
Pl(ki + ai)Pj (ki) + 1
ai
(Qi(ki + ai) − Qi(ki)) = 0, (11)
where i, j, k is a cyclic permutation of 1, 2, 3, and Qi(k1, k2, k3), Pi(k1, k2, k3) (i =
1, 2, 3) are functions of three discrete independent variables k1, k2, k3 and ai (i =
1, 2, 3) are lattice spacings. For simplicity, we denote fj (ki + ai, kj , kl) to be fj (ki +
ai) by suppressing the unshifted independent variables.
If we change to different variables
Pi = Gi
F
, Qi = Hi
F
,
we obtain a bilinear form of Eqs. (10) and (11) [10,11]:
F(ki + ai)Hi − FHi(ki + ai) + aiGjGl(ki + ai) = 0, (12)
F(ki + ai)Gi − FGi(ki + ai) + aiHlHj (ki + ai) = 0, (13)
where i, j, k is a cyclic permutation of 1, 2, 3. It is known that above system of
equations has the following Casorati determinant solution [10]:
F(k1, k2, k3)
= |0, 1, . . . , L1 − 1; 0′, 1′, . . . , (L2 − 1)′; 0′′, 1′′, . . . , (L3 − 1)′′|, (14)
G1(k1, k2, k3)
= −|0, 1, . . . , L1 − 1; 0′, 1′, . . . , L′2; 0′′, 1′′, . . . , (L3 − 2)′′|, (15)
G2(k1, k2, k3)
= −|0, 1, . . . , L1 − 2; 0′, 1′, . . . , (L2 − 1)′; 0′′, 1′′, . . . , L′′3|, (16)
G3(k1, k2, k3)
= −|0, 1, . . . , L1; 0′, 1′, . . . , (L2 − 2)′; 0′′, 1′′, . . . , (L3 − 1)′′|, (17)
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H1(k1, k2, k3)
= |0, 1, . . . , L1 − 1; 0′, 1′, . . . , (L2 − 2)′; 0′′, 1′′, . . . , L′′3|, (18)
H2(k1, k2, k3)
= |0, 1, . . . , L1; 0′, 1′, . . . , (L2 − 1)′; 0′′, 1′′, . . . , (L3 − 2)′′|, (19)
H3(k1, k2, k3)
= |0, 1, . . . , L1 − 2; 0′, 1′, . . . , L′2; 0′′, 1′′, . . . , (L3 − 1)′′|. (20)
Here we denote the determinant∣∣∣∣∣∣∣∣∣∣
φ1(k1, 0) · · · φ1(k1, L1 − 1);φ′1(k2, 0) · · · φ′1(k2, L2 − 1);φ′′1 (k3, 0) · · · φ′′1 (k3, L3 − 1)
φ2(k1, 0) · · · φ2(k1, L1 − 1);φ′2(k2, 0) · · · φ′2(k2, L2 − 1);φ′′2 (k3, 0) · · · φ′′2 (k3, L3 − 1)
.
.
.
.
.
.
.
.
.
.
.
.
φL(k1, 0) · · · φL(k1, L1 − 1);φ′L(k2, 0) · · · φ′L(k2, L2 − 1);φ′′L(k3, 0) · · · φ′′L(k3, L3 − 1)
∣∣∣∣∣∣∣∣∣∣
to be
|0, 1, . . . , L1 − 1; 0′, 1′, . . . , (L2 − 1)′; 0′′, 1′′, . . . , (L3 − 1)′′|, (21)
for simplicity, where φi(k1; s) (i = 1, 2, . . . , L1) are arbitrary functions of k1 and
an integer s, φ′i (k2; s) (i = 1, 2, . . . , L2) are arbitrary functions of k2 and an integer
s and φ′′i (k3; s) (i = 1, 2, . . . , L3) are arbitrary functions of k3 and an integer s,
satisfying the dispersion equations:
−k1φi(k1; s) = φi(k1; s + 1), (22)
−k2φ′i (k2; s) = φ′i (k2; s + 1), (23)
−k3φ′′i (k3; s) = φ′′i (k3; s + 1) (24)
with −kµ being defined by for an arbitrary function f (kµ):
−kµf (kµ) =
f (kµ) − f (kµ − aµ)
aµ
, µ = 1, 2, 3.
Now we write the solution to Eqs. (12) and (13) in terms of discrete Gram-type
determinants.
We take
F = |C + | = |F|, (25)
where C = (cij )(L1+L2+L3)×(L1+L2+L3) is a (L1 + L2 + L3) × (L1 + L2 + L3)
matrix of constant elements cij and = diag(1,2,3), where1 = (ij )L1×L1 ,
2 = (′ij )L2×L2 ,3 = (′′ij )L3×L3 and matrix element ij is a function of k1, ′ij
is a function of k2 and ′′ij is a function of k3, satisfying the difference equation
+k1ij = ϕi(k1 + a1)ϕ¯j (k1), (26)
+k2′ij = ϕ′i (k2 + a2)ϕ¯′j (k2), (27)
+k3′′ij = ϕ′′i (k3 + a3)ϕ¯′′j (k3). (28)
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Here ϕi(k1) and ϕ¯i (k1) are arbitrary functions of k1, ϕ′i (k2) and ϕ¯′i (k2) are arbitrary
functions of k2, ϕ′′i (k3) and ϕ¯′′i (k3) are arbitrary functions of k3 and for an arbitrary
function f (kµ), +kµ being defined by
+kµf (kµ) =
f (kµ + aµ) − f (kµ)
aµ
, µ = 1, 2, 3.
As an example for the matrix element φij , φ′ij , φ′′ij , we may take
φij (k1) = 1
pi + p¯j αi α¯j (1 − pia1)
− k1
a1 (1 + p¯j a1)
k1
a1 , (29)
φ′ij (k2) =
1
p′i + p¯′j
α′i α¯′j (1 − p′ia2)−
k2
a2 (1 + p¯′j a2)
k2
a2 , (30)
φ′′ij (k3) =
1
p′′i + p¯′′j
α′′i α¯′′j (1 − p′′i a1)−
k3
a3 (1 + p¯′′j a3)
k3
a3 , (31)
ϕi(k1) = αi(1 − pia1)−
k1
a1 , (32)
ϕ¯j (k1) = α¯j (1 + p¯j a1)
k1
a1 , (33)
ϕ′i (k2) = α′i (1 − p′ia2)−
k2
a2 , (34)
ϕ¯′j (k2) = α¯′j (1 + p¯′j a2)
k2
a2 , (35)
ϕ′′i (k3) = α′′i (1 − p′′i a3)−
k3
a3 , (36)
ϕ¯′′j (k3) = α¯′′j (1 + p¯′′j a3)
k3
a3 , (37)
where pi , p¯j , αi , α¯j , p′i , p¯′j , α′i , α¯′j , p′′i , p¯′′j , α′′i , α¯′′j are arbitrary constants. It is easy
to show that functions (29)–(37) satisfy Eqs. (26)–(28).
We take G′s and H ′s in the form of the following bordered determinants:
Gi =
∣∣∣∣∣ F jTk 0
∣∣∣∣∣ , Hi =
∣∣∣∣∣ F kTj 0
∣∣∣∣∣ , (38)
where i, j, k is a cyclic permutation of 1, 2, 3, and
1 = (ϕ1, . . . , ϕL1; 0, . . . , 0; 0, . . . , 0)T,
2 = (0, . . . , 0;ϕ′1, . . . , ϕ′L2; 0, . . . , 0)T,
3 = (0, . . . , 0; 0, . . . , 0;ϕ′′1 , . . . , ϕ′′L3)T,
1 = (ϕ¯1, . . . , ϕ¯L1; 0, . . . , 0; 0, . . . , 0)T,
2 = (0, . . . , 0; ϕ¯′1, . . . , ϕ¯′L2; 0, . . . , 0)T,
3 = (0, . . . , 0; 0, . . . , 0; ϕ¯′′1 , . . . , ϕ¯′′L3)T.
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By employing Eqs. (26)–(28), we obtain the following difference formula for F,G′s
and H ′s:
F(ki + ai) = ai
∣∣∣∣∣ F i (ki + ai)−Ti a−1i
∣∣∣∣∣ , (39)
Hi(ki + ai) = ai
∣∣∣∣∣∣∣
F k i (ki + ai)

T
j 0 0
−Ti 0 a−1i
∣∣∣∣∣∣∣ ,
Hj (ki + ai) =
∣∣∣∣∣ F i (ki + ai)Tk 0
∣∣∣∣∣ , (40)
Gk(ki + ai) =
∣∣∣∣∣ F i (ki + ai)Tj 0
∣∣∣∣∣ ,
Gi(ki + ai) = ai
∣∣∣∣∣∣∣
F j i (ki + ai)

T
k 0 0
−Ti 0 a−1i
∣∣∣∣∣∣∣ , (41)
where i, j, k is a cyclic permutation of 1, 2, 3. Substitution of determinants (25) and
(39)–(41) into Eqs. (12) and (13) yields the following Jacobi identities of determi-
nants [8], respectively:
∣∣∣∣∣ F i (ki + ai)−Ti a−1i
∣∣∣∣∣
∣∣∣∣∣ F kTj 0
∣∣∣∣∣− |F|
∣∣∣∣∣∣∣
F k i (ki + ai)

T
j 0 0
−Ti 0 a−1i
∣∣∣∣∣∣∣
−
∣∣∣∣∣ F k−Ti 0
∣∣∣∣∣
∣∣∣∣∣ F i (ki + ai)Tj 0
∣∣∣∣∣ = 0, (42)
∣∣∣∣∣ F i (ki + ai)−Ti a−1i
∣∣∣∣∣
∣∣∣∣∣ F jTk 0
∣∣∣∣∣− |F|
∣∣∣∣∣∣∣
F j i (ki + ai)

T
k 0 0
−Ti 0 a−1i
∣∣∣∣∣∣∣
−
∣∣∣∣∣ F j−Ti 0
∣∣∣∣∣
∣∣∣∣∣ F i (ki + ai)Tk 0
∣∣∣∣∣ = 0. (43)
So determinants (25) and (38) are the solution of Eqs. (12) and (13).
We can obtain the soliton solutions of the discrete three wave equations (10) and
(11) from the Gram-type determinant solutions (25) and (38). For example, in the
simple case L1 = L2 = L3 = 1, one soliton solution can be obtained by taking
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Fig. 1. The plots in local profiles: (a) P1-field and (b) Q1-field.
C =


3
2 − 12 − 12
− 12 32 − 12
− 12 − 12 32

 ,
a1 = a2 = a3 = 1
p1 = p′1 = p′′1 = 1 − e−1
p¯1 = p¯′1 = p¯′′1 = e − 1
α1 = α′1 = α¯′1 =
1
e
α¯1 = 12e , α
′′
1 = −2(e2 − 1), α¯′′1 = −
1
2(e2 − 1)
in the functions (29)–(37).
In Fig. 1, we show P1 = G1/F and Q1 = H1/F plotted in the k2k3-plane for
fixed k1 = 0. A similar behavior occurs for P2, P3,Q2,Q3.
4. Pfaffianizing the discrete three-dimensional three wave interaction
equation
The purpose of this section is to pfaffianize the discrete three wave interaction
equation. Inspired by the three-component structure of the Casorati determinant solu-
tion to the discrete three wave interaction equation, we consider the following three-
component pfaffians:
F = (1, 2, . . . , L1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3), (44)
G1 = (1, 2, . . . , L1; 1′, 2′, . . . , (L2 − 1)′; 1′′, 2′′, . . . , (L3 + 1)′′), (45)
G2 = (1, 2, . . . , L1 + 1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , (L3 − 1)′′), (46)
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G3 = (1, 2, . . . , L1 − 1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , L′′3), (47)
H1 = −(1, 2, . . . , L1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , (L3 − 1)′′), (48)
H2 = −(1, 2, . . . , L1 − 1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , (L3 + 1)′′), (49)
H3 = −(1, 2, . . . , L1 + 1; 1′, 2′, . . . , (L2 − 1)′; 1′′, 2′′, . . . , L′′3), (50)
where L1 + L2 + L3 is even and entries satisfy the pfaffianized form of the disper-
sion relations (22)–(24):
(i, j)k1−a1 = (i, j) − a1(i + 1, j) − a1(i, j + 1)
+ a21(i + 1, j + 1), (51)
(i′, j ′)k2−a2 = (i′, j ′) − a2((i + 1)′, j ′) − a2(i, (j + 1)′)
+ a22((i + 1)′, (j + 1)′), (52)
(i′′, j ′′)k3−a3 = (i′′, j ′′) − a3((i + 1)′′, j ′′) − a3(i′′, (j + 1)′′)
+ a23((i + 1)′′, (j + 1)′′), (53)
(i, j ′)k1−a1 = (i, j ′) − a1(i + 1, j ′), (54)
(i, j ′)k2−a2 = (i, j ′) − a2(i, (j + 1)′), (55)
(i, j ′′)k1−a1 = (i, j ′′) − a1(i + 1, j ′′), (56)
(i, j ′′)k3−a3 = (i, j ′′) − a3(i, (j + 1)′′), (57)
(i′, j ′′)k2−a2 = (i′, j ′′) − a2((i + 1)′, j ′′), (58)
(i′, j ′′)k3−a3 = (i′, j ′′) − a3(i′, (j + 1)′′), (59)
where (i, j) is a function of k1, (i′, j ′) is a function of k2, (i′′, j ′′) is a function of k3
respectively, and (i, j ′) is a function of k1, k2, (i′, j ′′) is a function of k2, k3, (i, j ′′)
is a function of k1, k3 respectively.
The following difference formulae for F,G′s and H ′s can be derived by employ-
ing Eqs. (51)–(59):
F(k1 − a1)
= (1, 2, . . . , L1, L1 + 1, c1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3), (60)
H1(k1 − a1)
= −(1, 2, . . . , L1, L1 +1, c1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , (L3 −1)′′), (61)
H2(k1 − a1)
= −a−11 (1, 2, . . . , L1, c1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , (L3 + 1)′′), (62)
G1(k1 − a1)
= (1, 2, . . . , L1, L1 + 1, c1; 1′, 2′, . . . , (L2 − 1)′; 1′′, 2′′, . . . , (L3 + 1)′′), (63)
G3(k1 − a1)
= a−11 (1, 2, . . . , L1, c1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , L′′3). (64)
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F(k2 − a2)
= (1, 2, . . . , L1; 1′, 2′, . . . , L′2, (L2 + 1)′, c2; 1′′, 2′′, . . . , L′′3), (65)
H2(k2 − a2)
= −(1, 2, . . . , L1 − 1; 1′, 2′, . . . , L′2, (L2 + 1)′, c2; 1′′, 2′′, . . . , (L3 + 1)′′), (66)
H3(k2 − a2)
= −a−12 (1, 2, . . . , L1 + 1; 1′, 2′, . . . , (L2 − 1)′, L′2, c2; 1′′, 2′′, . . . , L′′3), (67)
G1(k2 − a2)
= a−12 (1, 2, . . . , L1; 1′, 2′, . . . , (L2 − 1)′, L′2, c2; 1′′, 2′′, . . . , (L3 + 1)′′), (68)
G2(k2 − a2)
= (1, 2, . . . , L1, L1 + 1; 1′, 2′, . . . , (L2 + 1)′, c2; 1′′, 2′′, . . . , L′′3). (69)
F(k3 − a3)
= (1, 2, . . . , L1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3, (L3 + 1)′′, c3), (70)
H1(k3 − a3)
= −a−13 (1, 2, . . . , L1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , L′′3, c3), (71)
H3(k3 − a3)
= −(1, 2, . . . , L1 + 1; 1, 2, . . . , (L2 − 1); 1, 2, . . . , L3, (L3 + 1), c3), (72)
G2(k3 − a3)
= a−13 (1, 2, . . . , L1, L1 + 1, c1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3, c3), (73)
G3(k3 − a3)
= (1, 2, . . . , L1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3, (L3 + 1)′′, c3), (74)
where (i, c1) = aL1+1−i1 , (i, c2) = (i, c3) = 0, (i′, c2) = aL2+1−i2 , (i′, c1) =
(i′, c3) = 0, (i′′, c3) = aL3+1−i3 , (i′′, c1) = (i′′, c2) = 0.
In the case of the discrete three-dimensional three wave interaction equations (12)
and (13) with i = 1, j = 2, k = 3, we require the following two identities:
(L1 + 1, c1, L′2, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3)
×((L3 + 1)′′, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3)
− (L1 + 1, c1, (L3 + 1)′′, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , L′′3)
×(L′2, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3)
− (c1, L′2, (L3 + 1)′′, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3)
× (L1 + 1, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3)
+ (L1 + 1, L′2, (L3 + 1)′, 1, . . . , L1; 1′, . . . , (L2 − 1))′; 1′′, . . . , L′′3)
× (c1, 1, . . . , L1; 1′, . . . , (L2 − 1)′; 1′′, . . . , L′′3) = 0, (75)
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which are obtained from the pfaffian identity (7) with {a1, a2, a3, 2n} replaced by
{L1 + 1, c1, L′2, (L3 + 1)′′} and {1, 2, . . . , 2n − 1} by {1, . . . , L1; 1′, . . . , (L2 − 1)′;
1′′, . . . , L′′3},
and
(L1 + 1, c1, L′′3, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
× ((L2 + 1)′, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
− (L1 + 1, c1, (L2 + 1)′, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
×(L′′3, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
− (c1, (L2 + 1)′, L′′3, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
×(L1 + 1, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
+ (L1 + 1, (L2 + 1)′, L′′3, 1, . . . , L1; 1′, . . . , L′2; 1′′, . . . , (L3 − 1)′′)
×(c1, 1, . . . , L1; 1′, . . . , L′′2; 1′′, . . . , (L3 − 1)′′) = 0, (76)
which are obtained from the pfaffian identity (7) with {a1, a2, a3, 2n} replaced by
{L1 + 1, c1, L′′3, (L2 + 1)′} and {1, 2, . . . , 2n − 1} by {1, . . . , L1; 1′, . . . , L′2;
1′′, . . . , (L3 − 1)′′}. This leads to the bilinear equations
F(k1 − a1)H1 − FH1(k1 − a1) − a1G2G3(k1 − a1)
− a1M2(k1 − a1)N3 = 0 (77)
and
F(k1 − a1)G1 − FG1(k1 − a1) − a1H3H2(k1 − a1)
− a1M3(k1 − a1)N2 = 0. (78)
Here the new fields M2,M3 and N2, N3 are also pfaffians of the form
M2 = (1, 2, . . . , L1 − 1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , (L3 − 1)′′), (79)
M3 = (1, 2, . . . , L1 − 1; 1′, 2′, . . . , (L2 − 1)′; 1′′, 2′′, . . . , L′′3), (80)
N2 = −(1, 2, . . . , L1 + 1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , (L3 + 1)′′), (81)
N3 = −(1, 2, . . . , L1 + 1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , L′′3). (82)
Similarly, with the help of identity (8), we obtain another two bilinear equations:
F(k1 − a1)M1 − FM1(k1 − a1) + a1G2M3(k1 − a1)
+ a1M2(k1 − a1)H3 = 0, (83)
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F(k1 − a1)N1 − FN1(k1 − a1) + a1N3H2(k1 − a1)
+ a1G3(k1 − a1)N2 = 0, (84)
where we introduce two more fields
M1 = (1, 2, . . . , L1; 1′, 2′, . . . , (L2 − 1)′; 1′′, 2′′, . . . , (L3 − 1)′′), (85)
N1 = −(1, 2, . . . , L1; 1′, 2′, . . . , (L2 + 1)′; 1′′, 2′′, . . . , (L3 + 1)′′). (86)
In the same way, we can deduce another eight equations
F(ki − ai)Hi − FHi(ki − ai) − aiGjGk(ki − ai)
− aiMj (ki − ai)Nk = 0, (87)
F(ki − ai)Gi − FGi(ki − ai) − aiHkHj (ki − ai)
− aiMk(ki − ai)Nj = 0, (88)
F(ki − ai)Mi − FMi(ki − ai) + aiGjMk(ki − ai)
+ aiMj (ki − ai)Hk = 0, (89)
F(ki − ai)Ni − FNi(ki − ai) + aiNkHj (ki − ai)
+ aiGk(ki − ai)Nj = 0 (90)
with i = 2, j = 3, k = 1 and i = 3, j = 1, k = 2. Eqs. (87)–(90) with i = 1, j =
2, k = 3 are reduced to Eqs. (77)–(78) and (83)–(84). Thus the 12 equations (87)–
(90) where i, j, k is a cyclic permutation of 1, 2, 3 make up our pfaffianized discrete
three-dimensional three wave interaction equation. We can write Eqs. (87)–(90) in
their following equivalent form:
F(ki + ai)Hi − FHi(ki + ai) + aiGjGk(ki + ai)
+ aiMj (ki + ai)Nk = 0, (91)
F(ki + ai)Gi − FGi(ki + ai) + aiHkHj (ki + ai)
+ aiMk(ki + ai)Nj = 0, (92)
F(ki + ai)Mi − FMi(ki + ai) − aiGjMk(ki + ai)
− aiMj (ki + ai)Hk = 0, (93)
F(ki + ai)Ni − FNi(ki + ai) − aiNkHj (ki + ai)
− aiGk(ki + ai)Nj = 0, (94)
where i, j, k is a cyclic permutation of 1, 2, 3.
Through the dependent variable transformations,
Pi = Gi
F
, Qi = Hi
F
, Ri = Ni
F
, Si = Mi
F
,
where i = 1, 2, 3, the bilinear equations (91)–(94) are transformed into the following
nonlinear equations:
290 Gegenhasi / Linear Algebra and its Applications 407 (2005) 277–295
1
ai
(Qi(ki + ai) − Qi) − PjPk(ki + ai) − Sj (ki + ai)Rk = 0, (95)
1
ai
(Pi(ki + ai) − Pi) − QkQj(ki + ai) − Sk(ki + ai)Rj = 0, (96)
1
ai
(Si(ki + ai) − Si) + PjSk(ki + ai) + Sj (ki + ai)Qk = 0, (97)
1
ai
(Ri(ki + ai) − Ri) + RkQj (ki + ai) + Pk(ki + ai)Rj = 0, (98)
where i, j, k is a cyclic permutation of 1, 2, 3.
If we wish to consider solutions to pfaffianized discrete three-dimensional three
wave interaction equations (87)–(90), we may choose entries in the pfaffians (44)–
(50) to be expressed in the following form:
(i, j) =
m1∑
k=1
[φk(k1; i)ψk(k1; j) − φk(k1; j)ψk(k1; i)], (99)
(i′, j ′) =
m2∑
k=1
[φ′k(k2; i)ψ ′k(k2; j) − φ′k(k2; j)ψ ′k(k2; i)], (100)
(i′′, j ′′) =
m3∑
k=1
[φ′′k (k3; i)ψ ′′k (k3; j) − φ′′k (k3; j)ψ ′′k (k3; i)], (101)
(i, j ′) =
m12∑
k=1
[φk(k1; i)ψ ′k(k2; j) − φk(k1; j)ψ ′k(k2; i)], (102)
(i, j ′′) =
m13∑
k=1
[φk(k1; i)ψ ′′k (k3; j) − φk(k1; j)ψ ′′k (k3; i)], (103)
(i′, j ′′) =
m23∑
k=1
[φ′k(k2; i)ψ ′′k (k3; j) − φ′k(k2; j)ψ ′′k (k3; i)], (104)
where m1, m2, m3, m12, m13, m23 are arbitrary integers, and φk(k1; s), ψk(k1; s) are
arbitrary function of k1 and an integer s; φ′k(k2; s), ψ ′k(k2; s) are arbitrary function of
k2 and an integer s; φ′′k (k3; s) , ψ ′′k (k3; s) are arbitrary function of k3 and an integer
s respectively, satisfying the dispersion equations:
−k1φk(k1; s) = φk(k1; s + 1), (105)
−k1ψk(k1; s) = ψk(k1; s + 1), (106)
−k2φ′k(k2; s) = φ′k(k2; s + 1), (107)
−k2ψ ′k(k2; s) = ψ ′k(k2; s + 1), (108)
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−k3φ′′k (k3; s) = φ′′k (k3; s + 1), (109)
−k3ψ ′′k (k3; s) = ψ ′′k (k3; s + 1). (110)
It is not difficult to show functions (99)–(104) satisfy the pfaffianized dispersion
relations (51)–(59).
A particular solution to the above equations (105)–(110) is obtained by choosing
φk(k1; s), ψk(k1; s), φ′k(k2; s), ψ ′k(k2; s), φ′′k (k3; s), ψ ′′k (k3; s) in the following way:
φk(k1; s) = pskγk(1 − pka1)−
k1
a1 + qskβk(1 − qka1)−
k1
a1 ,
ψk(k1; s) = p˜skγ˜k(1 − p˜ka1)−
k1
a1 + q˜sk β˜k(1 − q˜ka1)−
k1
a1 ,
φ′k(k2; s) = p′sk γ ′k(1 − p′ka2)−
k2
a2 + q ′sk β ′k(1 − q ′ka2)−
k2
a2 ,
ψ ′k(k2; s) = p˜′sk γ˜ ′k(1 − p˜′ka2)−
k2
a2 + q˜ ′sk β˜ ′k(1 − q˜ ′ka2)−
k2
a2 ,
φ′′k (k3; s) = p′′sk γ ′′k (1 − p′′k a3)−
k3
a3 + q ′′sk β ′′k (1 − q ′′k a3)−
k3
a3 ,
ψ ′′k (k3; s) = p˜′′sk γ˜ ′′k (1 − p˜′′k a3)−
k3
a3 + q˜ ′′sk β˜ ′′k (1 − q˜ ′′k a3)−
k3
a3 ,
where pk , qk , γk , βk , p˜k , q˜k , γ˜k , β˜k , p′k , q ′k , γ ′k , β ′k , p˜′k , q˜ ′k , γ˜ ′k , β˜ ′k , p′′k , q ′′k , γ ′′k , β ′′k ,
p˜′′k , q˜ ′′k , γ˜ ′′k , β˜ ′′k are arbitrary constants.
5. Gram-type pfaffian solution to the coupled discrete three-dimensional
three wave interaction equation
We can find the Gram-type pfaffian solutions for several pfaffianized system such
as coupled KP equation [1], the two-dimensinal Toda lattice equation [12], the dif-
ferential-difference KP equation [12] and semi-discrete Toda equation [12]. In this
section, we shall present the Gram-type pfaffian solution to the coupled equations
(91)–(94). A Gram-type pfaffian is a pfaffian whose entries resemble the elements of
a Gram-type determinant.
We take
F = (1, 2, . . . , L1; 1′, 2′, . . . , L′2; 1′′, 2′′, . . . , L′′3) = (•), (111)
Gi = (αj , α¯k, •), Hi = (αk, α¯j , •), (112)
Ni = (α¯k, α¯j , •), Mi = (αj , αk, •), (113)
where i, j, k is a cyclic permutation of 1, 2, 3. The pfaffian elements are defined as
follows:
(i, j ′) = Cij ′ , (i, j ′′) = Cij ′′ , (i′, j) = Ci′j ,
(i′, j ′′) = Ci′j ′′ , (i′′, j) = Ci′′j , (i′′, j ′) = Ci′′j .
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Here Cij ′ , Cij ′′ , Ci′j , Ci′j ′′ , Ci′′j , Ci′′j are constants, and (i, j) is an arbitrary
function of k1, (i′, j ′) is an arbitrary function of k2, (i′′, j ′′) is an arbitrary function
of k3 satisfying the difference equations:
+k1(i, j) = ϕi(k1 + a1)ϕ¯j (k1) − ϕj (k1 + a1)ϕ¯i(k1), (114)
+k2(i′, j ′) = ϕ′i (k2 + a2)ϕ¯′j (k2) − ϕ′j (k2 + a2)ϕ¯′i (k2), (115)
+k3(i′′, j ′′) = ϕ′′i (k3 + a3)ϕ¯′′j (k3) − ϕ′′j (k3 + a3ϕ¯′′i (k3), (116)
where ϕi(k1), ϕ¯i (k1) are arbitrary functions of k1, ϕ′i (k2), ϕ¯′i (k2) are arbitrary func-
tions of k2 and ϕ′′i (k3), ϕ¯′′i (k3) are arbitrary functions of k3. Other pfaffian elements
are given by
(i, α) = ϕi(k1), (i′, α) = ϕ′i (k2), (i′′, α) = ϕ′′i (k3),
(i, α¯) = ϕ¯i (k1), (i′, α¯) = ϕ¯′i (k2), (i′′, α¯) = ϕ¯′′i (k3),
(i, α1) = ϕi(k1 + a1), (i′, α2) = ϕ′i (k2 + a2), (i′′, α3) = ϕ′′i (k3 + a3),
(i, α¯1) = ϕ¯i (k1 + a1), (i′, α¯2) = ϕ¯′i (k2 + a2), (i′′, α¯3) = ϕ¯′′i (k3 + a3),
(αµ, αν) = 0, (α¯µ, α¯ν) = 0, (α¯µ, αµ) = a−1µ , (α¯µ, αν) = 0,
where µ, ν = 1, 2, 3 and µ /= ν.
As an example of the pfaffian element (i, j), (i ′, j ′), (i′′, j ′′), we may take
(i, j) = 1
pi + p¯j αi α¯j
(
1 − pi
1 + p¯j
)k1
− 1
pj + p¯i αj α¯i
(
1 − pj
1 + p¯i
)k1
, (117)
(i′, j ′) = 1
p′i + p¯′j
α′i α¯′j
(
1 − p′i
1 + p¯′j
)k2
− 1
p′j + p¯′i
α′j α¯′i
(
1 − p′j
1 + p¯′i
)k2
, (118)
(i′′, j ′′) = 1
p′′i + p¯′′j
α′′i α¯′′j
(
1 − p′′i
1 + p¯′′j
)k3
− 1
p′′j + p¯′′i
α′′j α¯′′i
(
1 − p′′j
1 + p¯′′i
)k3
. (119)
It is not difficult to show that functions (117)–(119) satisfy Eqs. (114)–(116) with
ϕi(k1), ϕ¯j (k1), ϕ
′
i (k2), ϕ¯
′
j (k2), ϕ
′′
i (k3), ϕ¯
′′
j (k3) given in (32)–(37).
We can obtain the following difference formulae for pfaffians F , G′s, H ′s, L′s,
M ′s by employing Eqs. (114)–(116):
F(ki + ai) = ai(α¯i , αi, •), Gi(ki + ai) = ai(α¯i , αi, αj , α¯k, •) (120)
Gk(ki + ai) = (αi, α¯j , •), Hi(ki + ai) = ai(α¯i , αi, αk, α¯j , •) (121)
Hj(ki + ai) = (αi, α¯k, •), Mi(ki + ai) = ai(α¯i , αi, αj , αk, •) (122)
Mj(ki + ai) = (αk, αi, •), Mk(ki + ai) = (αi, αj , •) (123)
Ni(ki + ai) = ai(α¯i , αi, α¯k, α¯j , •), (124)
where i, j, k is a cyclic permutation of 1, 2, 3.
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Substitution of the pfaffians (111)–(113) and (120)–(124) into Eqs. (91)–(94)
leads to the following pfaffian identities, respectively:
(α¯i , αi, •)(αk, α¯j , •) − (•)(α¯i , αi, αk, α¯j , •) − (α¯i , αk, •)(αi, α¯j , •)
+ (α¯i , α¯j , •)(αi, αk, •) = 0,
(α¯i , αi, •)(αj , α¯k, •) − (α¯i , αi, αj , α¯k, •)(•) − (α¯i , αj , •)(αi, α¯k, •)
+ (α¯i , α¯k, •)(αi, αj , •) = 0,
(α¯i , αi, •)(αj , αk, •) − (α¯i , αi, αj , αk, •)(•) + (α¯i , αk, •)(αi, αj , •)
− (αi, αk, •)(α¯i , αj , •) = 0,
(α¯i , αi, •)(α¯j , α¯k, •) − (α¯i , αi, α¯j , α¯k, •)(•) + (α¯i , α¯k, •)(αi, α¯j , •)
− (αi, α¯k, •)(α¯i , α¯j , •) = 0,
where i, j, k is a cyclic permutation of 1, 2, 3. So discrete Gram-type pfaffians (111)–
(113) are the solution to the system of coupled equations (91)–(94).
As an application of the Gram-type pfaffian solution (111)–(113), the soliton solu-
tions of the pfaffianized discrete three wave equations (95)–(98) can be obtained. For
example, in the simple case L1 = 2, L′2 = 2, L′′3 = 2 and a1 = a2 = a3 = 1, one
soliton solution can be obtained by taking
(i, i′) = (i′, i′′) = (i, i′′) = −1
2
,
(i, j ′) = (i, j ′′) = (i′, j) = (i′, j ′′) = (i′′, j) = (i′′, j ′) = 3
2
,
p′1 = p′2 = p′1 = p′2 = p′′1 = p′′2 = 1 − e−1,
p¯′1 = p¯′2 = p¯′1 = p¯′2 = p¯′′1 = p¯′′2 = e − 1,
α1 = 1
e
, α¯1 = 1
e
, α′1 =
1
3e
, α¯′1 =
1
e
, α′′1 = 1, α¯′′1 =
1
4(e2 − 1) ,
α2 = 12e , α¯2 =
1
e
, α′2 =
1
e
, α¯′2 =
6
e
, α′′2 = 0, α¯′′2 = 0,
Fig. 2. The plots in local profiles: (a) P1-field, (b) R1-field.
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in the functions (117)–(119) and (32)–(37) with i, j = 1, 2, i /= j . In Fig. 2, we show
P1 = G1/F and R1 = N1/F plotted in the k2k3-plane for fixed k1 = 2. A similar
behavior occurs for P2, P3, R2, R3.
6. Conclusion
In this paper, we have applied the technique of pfaffianization to derive an integra-
ble coupled system of discrete equations (87)–(90) (or (91)–(94)). It has been shown
that the coupled discrete three wave interaction equation has solutions expressed in
terms of two types of pfaffians and exhibits soliton solutions. The discrete three wave
interaction equation can be considered as a reduction of this coupled larger system.
It is interesting to note that the discrete resulting coupled system is a discrete version
of the coupled continuous three wave interaction equation [4].
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